The aim of this paper is to study weakly induced I-fuzzy topological spaces and weakly induced modifications of I-fuzzy topologies. We give two kinds of weakly induced I-fuzzy topologies for each I-fuzzy topology and prove that I-WIFTOP is a reflective and coreflective full subcategory of I-FTOP. We also discuss some relationships between several categories.
We prove that I-WIFTOP-the category of weakly induced I-fuzzy topological spacesis a reflective and coreflective full subcategory of I-FTOP. Finally, in Section 3, we discuss the relationship between several important categories.
In this paper, X is a nonempty set and I = [0,1], I 0 = [0,1). The family of all fuzzy sets on X will be denoted by I X . By 0 X and 1 X , we denote, respectively, the constant fuzzy set on X taking the values 0 and 1. Let σ r (A) = {x | A(x) > r} for r ∈ I and A ∈ I X . U ∈ P(X), 1 U denotes the characteristic function of U, that is, 1 U (x) = 1 when x ∈ U and 1 U (x) = 0 when x ∈ U. For the notions about categories, please refer to [1, 5, 9] . Definition 1.1 [4, 13] . A fuzzifying topology on X is a map ξ : P(X) → I satisfying the following axioms:
for all U,V ∈ P(X); (FY3) ξ( t∈T U t ) ≥ t∈T ξ(U t ) for every family {U t | t ∈ T} ⊆ P(X).
If ξ is a fuzzifying topology on X, the pair (X,ξ) is called a fuzzifying topological space. A fuzzifying continuous map between fuzzifying topological spaces (X,ξ) and (Y ,η) is a map f : X → Y such that ξ( f ← (U)) ≥ η(U) for all U ∈ P(Y ). The category of fuzzifying topological spaces and fuzzifying continuous maps is denoted by FYS. Let FYS(X) denote the set of all fuzzifying topologies on X. Definition 1.2 [6, 11] . An I-fuzzy topology on a set X is defined to be a map -: I X → I satisfying: (FT1) -(1 X ) = -(0 X ) = 1; (FT2) -(A ∧ B) ≥ -(A) ∧ -(B) for all A,B ∈ I X ; (FT3) -( t∈T A t ) ≥ t∈T -(A t ) for every family {A t | t ∈ T} ⊆ I X .
If -is an I-fuzzy topology on X, the pair (I X ,-) is called an I-fuzzy topological space. An I-fuzzy continuous map between I-fuzzy topological spaces (I X ,-) and
(following the notation in [10] ). The category of I-fuzzy topological spaces and I-fuzzy continuous maps is denoted by I-FTOP. Let I-FTOP(X) denote the set of all I-fuzzy topologies on X. Definition 1.3 [13] . Let ξ be a fuzzifying topology on X, Ꮾ : P(X) → I, and Ꮾ ≤ -. Ꮾ is called a base of ξ if Ꮾ satisfies the following condition:
where the expression λ∈∧ Vλ=U λ∈∧ Ꮾ(V λ ) will be denoted by
is a base, where ( ) stands for "finite intersection." φ : P(X) → I is a subbase of one fuzzifying topology if and only if φ ( ) (X) = 1. Definition 1.4 [14] . Let {(X t ,ξ t )} t∈T be a family of fuzzifying topological spaces and let P t : t∈T X t → X t be the projection. Then the fuzzifying topology whose subbase is Y. Yue and J. Fang 3 defined by
is called the product topology of {ξ t | t ∈ T}, denoted by t∈T ξ t . ( t∈T X t , t∈T ξ t ) is called the product space of {(X t ,ξ t )} t∈T .
Fang and Yue [3] extended the above definitions and results to I-fuzzy topological spaces. For more explicitly, we list them as follows.
(1) Let -be an I-fuzzy topology on X, Ꮾ : I X → I s.t. Ꮾ ≤ -(in a pointwise sense). Then Ꮾ is called a base of -if Ꮾ satisfies the following condition: 
Then it is easy to verify that -is an I-fuzzy topology on X, and -is called the sum topology of {-t } t∈T , denoted by t∈T -t . 
It is easy to verify that -/ f
) is called the I-fuzzy quotient space of (I X ,-) with respect to f and f → I is called an I-fuzzy quotient map. Definition 1.7 [9] . Let (I X ,-) be an I-fuzzy topological space and
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I-FTOP(X) is a complete lattice.
Using the similar argument in [5] , it is easy to show that FYS(X) is also a complete lattice.
Lemma 1.9 [15] .
is the subbase of t∈T ξ t , that is, t∈T ξ t = (φ ( ) ) ( ) .
Weakly induced modifications of I-fuzzy topologies
The purpose of this section is to study weakly induced I-fuzzy topological spaces and the weakly induced modifications of I-fuzzy topologies.
Definition 2.1 [15] . Let (I X ,-) be an I-fuzzy topological space on X.
is called a weakly induced I-fuzzy topological space. Let I-WIFTOP denote the category of weakly induced I-fuzzy topological spaces.
Example 2.2. Let ξ be a fuzzifying topology on X. Define -ξ : I X → I as follows:
otherwise.
It is easy to check that -ξ is an I-fuzzy topology on X and it is weakly induced. Specially, -is weakly induced, where
Then -is a weakly induced I-fuzzy topology on X.
In the following discussion, we will give the right adjoint functor and left adjoint functor of the inclusion functor i : I-WIFTOP → I-FTOP, and show that I-WIFTOP is a reflective and coreflective full subcategory of I-FTOP.
Lemma 2.4. Let (I X ,-) be an I-fuzzy topological space and let - * : I X → I be defined by
Then - * is the biggest weakly induced I-fuzzy topology smaller than -. Hence, if -is weakly induced, then -= - * .
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Proof. It is routine to prove that - * is an I-fuzzy topology on X. The following computation can show that - * is weakly induced:
Let be any weakly induced I-fuzzy topology on X satisfying ≤ -. We need to prove that ≤ - * . Since is weakly induced, we have (A) ≤ r∈I0 (1 σr (A) ) for all A ∈ I X . Hence we get that 
Proof. The sufficiency is obvious and it needs to show the necessity. Let f (1 σr (B) ). Hence 
Then φ -is a subbase of one I-fuzzy topology, and denote this I-fuzzy topology by wi(-). wi(-) is called the weakly induced modification of -.
Proof. It is trivial to verify that φ -is a subbase of one I-fuzzy topology. Proof. The sufficiency is obvious. We need to prove the necessity. It suffices to show that From Theorems 2.7 and 2.12, we have the main theorem in this paper as follows.
Theorem 2.13. I-WIFTOP is a reflective and coreflective full subcategory of I-FTOP.
By the properties of right adjoint, we have the following corollaries.
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Corollary 2.14. Let (I X ,-) be an I-fuzzy topological space and 
Hence, t∈T wi(-t ) is weakly induced. Therefore, wi( t∈T -t ) ≤ t∈T wi(-t ).
Conversely, let λ < t∈T wi(-t )(A), that is, 
(2.13)
Then we have
(2.14) The readers can easily prove the following theorem. 
On the relationships between several categories
In Section 2, we study weakly induced modifications of I-fuzzy topologies. Since weakly induced and induced topological spaces play an important role in L-topology, in this section, we will study induced I-fuzzy topologies and the relationships between the categories FYS, I-WIFTOP, I-SFTOP, I-IFTOP, and I-FTOP, where I-IFTOP and I-SFTOP denote the categories of induced I-fuzzy topological spaces and stratified I-fuzzy topological spaces, respectively. In the following discussion, we always assume that I-TOP denotes the category of stratified Chang-Goguen topological spaces. We know that TOP can be regarded as a full (moreover, simultaneously reflective and coreflective) subcategory of I-TOP by Lowen functors. Zhang [16] proved that TOP is a reflective and coreflective full subcategory of FYS and FYS is a reflective and coreflective full subcategory of I-TOP.
From [15] , we know that FYS is isomorphic to I-IFTOP. We will prove that I-IFTOP is a reflective and coreflective full subcategory of I-SFTOP and I-IFTOP is a coreflective full subcategory of I-WIFTOP. Let (I X ,-) be an I-fuzzy topological space and let [-] : P(X) → I be defined by [-] (U) = -(1 U ) for all U ∈ P(X). Then it is easy to verify that [-] is a fuzzifying topology on X.
Definition 3.1 [15] . Let (I X ,-) be an I-fuzzy topological space. [-] is called the background topology of -and (X, [-] ) is called the background space of (I X ,-).
From the definition above, we get a functor [·] from I-FTOP to FYS. It is easy to verify the following two theorems. 
Definition 3.4 [15] . Let (I X ,-) be an I-fuzzy topological space on X. If -(A) = r∈I0 - (1 σr (A) ) for all A ∈ I X , then (I X ,-) is called an induced I-fuzzy topological space. If -(λ) = 1 for all λ ∈ I, whereλ is the constant function from X to I with value λ, then (X,-) is called a stratified I-fuzzy topological space.
Lemma 3.5 [15] . Let -be an I-fuzzy topology on X and let φ -: P(X) → I be defined by
(X). Then φ -is the subbase of one fuzzifying topology, and let this fuzzifying topology be denoted by ι(-).
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We get another functor ι from I-FTOP to FYS.
Lemma 3.7 [15] . Let(X,ξ) be a fuzzifying topological space and define ω(ξ) : I X → I as follows: ω(ξ)(A) = r∈I0 ξ(σ r (A)) for all A ∈ I X . Then ω(ξ) is an I-fuzzy topology on X.
From Lemma 3.7, we know that ω is a functor from FYS to I-FTOP. 
